The Penrose transform between twistors and the phase space of massless particles is generalized from the massless case to an assortment of other particle dynamical systems, including special examples of massless or massive particles, relativistic or non-relativistic, interacting or non-interacting, in flat space or curved spaces. Our unified construction involves always the same twistor Z A with only four complex degrees of freedom and subject to the same helicity constraint. Only the twistor to phase space transform differs from one case to another. Hence a unification of diverse particle dynamical systems is displayed by the fact that they all share the same twistor description. Our single twistor approach seems to be rather different and strikingly economical construction of twistors compared to other past approaches that introduced multiple twistors to represent some similar but far more limited set of particle phase space systems.
Introduction and concepts
Penrose introduced the twistor program as an alternative to phase space to give a description of relativistic massless particles in four dimensions [1] [2] . The twistor description is not only Lorentz covariant, but is also SU(2, 2) covariant and this makes evident the well known hidden conformal symmetry SO(4, 2) =SU(2, 2) of the massless system. Penrose's twistors have turned out to be extremely useful to gain new insight in twistor string theory [3] - [8] and simplify practical computations in super Yang-Mills theory [9] [10] . We are motivated by this success to develop a twistor description of more general particle dynamics which may play a similar useful role in some cases.
In this paper we will use a simple and unified construction of twistors that will generalize the Penrose transform from the massless particle case to an assortment of other particle dynamical systems, including special examples of massless or massive particles, relativistic or non-relativistic, interacting or non-interacting, in flat space or curved spaces. The basic formalism for relating phase space and twistor degrees in freedom in any dimension was given in [11] and further developed in [8] [12] . In this paper we apply it explicitly to examples in four dimensions that have dynamics beyond massless systems. Our unified construction involves always the same four degrees of freedom in the twistor Z A = µ λ , A = 1, 2, 3, 4, constructed from SL(2, C) doublet spinors µα, λ α , each described by two complex degrees of freedom α,α = 1, 2, and subject to the same helicity constraint Z AZ A = µαλα + λ αμ α = 2h, where h is the helicity of the particle 1 . Only the twistor to phase space transform, which generalizes the Penrose transform, is different in each one of our examples. This should be striking in view of previous attempts over many years to construct twistors for massive particles and other cases that introduced a doubling of the twistor degrees of freedom [2] , [13] - [18] . Thus, our economical one-twistor construction, that also unifies a variety of cases, appears to be a breakthrough in the twistor realm.
We will show that the same twistor Z A which is known to describe the phase space of an on-shell massless particle, is also equivalent to the phase space of all of the following systems • the massless relativistic particle in d = 4 flat Minkowski space,
• the massive relativistic particle in d = 4 flat Minkowski space,
• the particle on AdS 4 ,
• the particle on AdS 3 ×S 1 , AdS 2 ×S 2 ,
• the particle on R × S 3 ,
• the nonrelativistic free particle in 3 space dimensions,
• the nonrelativistic hydrogen atom in 3 space dimensions,
• and a related family of other particle systems.
Sharing the same twistor equivalent naturally implies duality type relationships among these systems which may be surprising to some readers. Moreover, just like the twistor version of massless particles makes the hidden SU(2, 2) conformal symmetry a linearly realized evident symmetry, the twistor versions of all the other particle systems listed above also make it evident that there is the same hidden SU(2, 2) symmetry in each one of them. The interpretation of SU(2, 2) is not conformal transformations of phase space except for the massless case, but for all cases SU(2, 2)=SO(4, 2) is a hidden symmetry that is closely related to an underlying 4 + 2 dimensional flat spacetime, and realized in 3 + 1 dimensional phase space in different non-linear ways for each of the systems listed above. In terms of the twistors, the generators of SU(2, 2)
The J A B satisfy the SU(2, 2) Lie algebra when the twistors satisfy the canonical commutation rules Z A ,Z B = δ A B . When the twistors Z A are expressed in terms of the various phase space degrees of freedom of the systems above, we will show that the SO(4, 2) generators L M N take various non-linear phase space forms and close correctly to form the SO(4, 2) Lie algebra under the phase space Poisson brackets at the classical level 2 . In this paper we will discuss mainly the zero helicity case h = 0. For general helicity we use precisely the same twistor Z A , but the twistor transform is slightly different due to the helicity, as discussed in detail elsewhere [19] .
Our results on the hidden SU(2, 2) may seem conceptually surprising independent of twistors: how can a massive particle have SO(4, 2) symmetry? isn't the symmetry of AdS 4 given by SO(3, 2) rather than SO(4, 2)? similarly isn't the symmetry of AdS 2 ×S 2 given by SO(1, 2) ×SO(3) rather than SO(4,2), etc.? The larger unexpected hidden symmetry SO(4, 2) is indeed difficult to notice, but its origin was already naturally explained in the context of two-time physics (2T-physics) [20] [21] . Indeed our approach in the current paper uses directly previous results of 2T-physics on the phase spaces of the 1T systems above. We are led to our twistor results by relating the twistor gauge of 2T-physics to other gauge choices in phase space. Therefore from the point of view of 2T-physics, the hidden symmetries which become the evident SU(2, 2) acting on the 4-component twistor Z A are no surprise: This is the same as the SO(4, 2) acting linearly on six dimensional phase space X M , P M in 2T-physics. We will give only a very brief description of the concepts of 2T-physics, and then use it as a technique to construct the relations between the various phase spaces and the twistors Z A . A particle in 1T-physics, interacting with various backgrounds in (d − 1) + 1 dimensions (e.g. electromagnetism, gravity, high spin fields, any potential, etc.), can be equivalently described in 2T-physics. The 2T theory is in d+2 dimensions, but has enough gauge symmetry to compensate for the extra 1+1 dimensions, so that the physical (gauge invariant) degrees of freedom are equivalent to those encountered in one-time physics (1T-physics). The general 2T theory for a particle moving in any background field has been constructed [22] 
where the symmetric A ij , i, j = 1, 2, is the Sp(2, R) gauge field, and the three Q ij (X, P ) which depend on background fields, are required to form an Sp(2, R) algebra. The background fields must satisfy certain conditions to comply with the Sp(2, R) requirement. An infinite number of solutions to the requirement can be constructed [22] . So any 1T particle worldline theory, with any backgrounds, can be obtained as a gauge fixed version of some 2T particle worldline theory.
The fundamental gauge symmetry in 2T-physics is Sp(2,R) acting on phase space. A consequence of this gauge symmetry is that position and momentum become indistinguishable at any instant, so the symmetry is of fundamental significance. The transformation of X M , P M is generally a nonlinear map that can be explicitly given in the presence of background fields [22] , but in the absence of backgrounds the transformation reduces to a linear doublet action of Sp(2, R) on X M , P M for each M [20] . The physical phase space is the subspace that is gauge invariant under Sp(2, R) . The gauge invariant subspace of d + 2 dimensional phase space X M , P M is a phase space in (d − 1) + 1 dimensions x µ , p µ . However there are many possible ways to embed the (d − 1) + 1 phase space in d + 2 phase space, and this is done by making Sp(2,R) gauge choices. In the resulting gauge fixed 1T system, time, Hamiltonian, and in general curved spacetime, are emergent concepts. The Hamiltonian, and therefore the dynamics as tracked by the emergent time, may look quite different in one gauge versus another gauge in terms of the remaining gauge fixed degrees of freedom. In this way, a unique 2T-physics action gives rise to many 1T-physics dynamical systems.
So, one of the strikingly surprising aspects of 2T physics is that the d + 2 dimensional theory has many holographic images in (d − 1) + 1 dimensions. Each image fully captures the gauge invariant physical content of a unique parent theory, but from the point of view of 1T-physics each image appears as a different 1T-dynamical system. Thus 2T-physics unifies many 1T-systems into a family that corresponds to a given 2T-physics parent in d + 2 dimensions. The members of such a family naturally must obey duality-type relationships among them and share many common properties, such as the same overall global symmetry that may be manifested in hidden non-linear ways on the fewer (d − 1) + 1 dimensions.
Thus, 2T-physics can be viewed as a unification approach through higher dimensions, but distinctly different than Kaluza-Klein theory because there are no KaluzaKlein towers of states, but instead there is a family of 1T systems with duality type relationships among them.
The 1T systems on our list above are members of such a family for d = 4. In the present case the parent 2T theory is the simplest version of 2T-physics without any background fields. The 2T action is [20] 
Here
is the Sp(2,R) gauge covariant derivative, Sp(2,R) indices are raised and lowered with the antisymmetric Sp(2, R) metric ε ij , and in the last expression an irrelevant total derivative − (1/2) ∂ τ (X · P ) is dropped from the action. This action describes a particle that obeys the Sp(2,R) gauge symmetry, so its momentum and position are locally indistinguishable due to the gauge symmetry. The Sp(2, R) constraints Q ij = X i · X j = 0 that follow from the equations of motion have non-trivial solutions only if the metric η M N has two timelike dimensions. So for a system in which position and momentum are locally indistinguishable, to be non-trivial, two timelike dimensions are necessary as a consequence of the Sp(2, R) gauge symmetry.
Thus in our case the target space is flat in 4 + 2 dimension, and hence this system has an SO(4, 2) global symmetry. This global symmetry is shared in the same representation by all the emergent lower dimensional theories in the same family, and this explains the hidden SO(4, 2)=SU(2, 2) that is present in all the systems on our list above. Although this is an already established fact in previous work on 2T-physics, it will come into a new focus by displaying the explicit twistor/phase space transforms given in this paper. This will be achieved by using the fact that the twistor description in terms of the 4-component Z A is one of the possible gauge choices of the same theory [11] [8] [12] . From the point of view of twistors this is a striking new perspective for constructing the twistor equivalent of particle dynamics. The same method has been applied also in higher dimensions d = 6, 10, 11 and produced twistor equivalents for several interesting spaces, including supersymmetric It is useful to do some simple counting of degrees of freedom. The on shell phase space x µ (τ ) , p µ (τ ) for a massless particle in four spacetime dimensions, after eliminating one gauge degree of freedom due to reparametrization of the worldline, and solving the mass-shell constraint p 2 = 0, has 3 independent positions and 3 independent momentum degrees of freedom. The complex four component twistor space Z A also has exactly 6 real physical degrees of freedom after eliminating one overall phase from Z A and solving one real constraint Z AZ A = 2h. The counting of the phase space physical degrees of freedom for any particle moving in 3+1 dimensions is also precisely 6, independent of whether the particle is massless, massive, moving in flat space or moving in curved space, or interacting with some potential. Given that the systems listed above all have 6 physical degrees of freedom, and are already identified in 2T-physics as being holographic representatives of a unique 4+2 dimensional system, we should expect that they all must be represented by the same SU (2, 2) twistors. This is the idea that we explore in this paper in order to construct explicitly the relation between one unique set of twistors Z A and the phase space for each of the systems listed above.
Twistor space
The twistor space
is classified as the fundamental representation of SU(2, 2) , A = 1, 2, 3, 4. It consists of four complex numbers µα,α = 1, 2, and λ α , α = 1, 2 which are the two spinor representations of the Lorentz group SL(2, C) . One defines Z A = λαμ α = Z † η, where η = τ 1 × 1 is the SU(2, 2) metric, and an overbar such asλα means complex conjugation of λ α . The Z A are identified up to an overall phase Z A ∼ e iφ Z A , and satisfy a constraint Z AZ A = 2h, where the constant h is the helicity of the particle. The irrelevant phase together with the constraint remove two real degrees of freedom, so that the twistor contains 6 real physical degrees of freedom.
We will show that these are equivalent to the six physical degrees of freedom of the phase space of a particle in each of the cases in our list.
In the case of the massless particle the (twistor) ↔ (phase space) equivalence is encoded in the Penrose relations (written below for a helicity zero particle h = 0 that satisfies Z AZ A = 0 at the classical level)
where the 2 × 2 Hermitian matrices xα β , p αβ are expanded in terms of the Pauli matrices
So, roughly speaking, λ is the square root of momentum p, while position x is the ratio µ/λ. We will give below the analogous (twistor) ↔ (phase space) equivalence relations for the other cases in our list. The properties of the twistors Z A can be derived from the following τ reparametrization invariant action on the worldline
Here the 1-form V dτ is a U(1) gauge field on the worldline, DZ A is the gauge covariant derivative that satisfies δ ε DZ A = iε DZ A for δ ε V = ∂ε/∂τ and δ ε Z A = iεZ A . Note that the term 2hV (absent in previous literature) is gauge invariant since it transforms as a total derivative under the infinitesimal gauge transformation. The reason for requiring the U(1) gauge symmetry is the fact that the overall phase of the Z A is unphysical and drops out in the relation between phase space and twistors, as in Eq.(4). Furthermore, the equation of motion with respect to V imposes the constraint Z AZ A − 2h = 0, which is interpreted as the helicity constraint. Taking into account that Z AZ A − 2h is the generator of the U(1) gauge transformations, the meaning of the vanishing generator (or helicity constraint) is that only the U(1) gauge invariant sector of twistor space is physical.
It is a small exercise to show that the twistor defined by this action, together with the Penrose relation in Eq.(4) do indeed correctly describe the phase space of the massless and spinless (h = 0 at the classical level) relativistic particle. First, thanks to µα = −ixα β λ α , the constraint is explicitly satisfied at the classical level
Second, the remaining term in the action S 0 = i dτZ A ∂Z A ∂τ = i dτ λα ∂µα ∂τ +μ α ∂λα ∂τ that defines the canonical structure for the twistors Z A ,Z B = δ A B also correctly defines the canonical structure for the phase space variables x µ , p µ by substituting µα = −ixα β λ α as follows
This indicates that, aside from factor ordering issues, quantization of phase space
αβ automatically satisfies the mass shell condition p µ p µ = 0 for a massless particle with positive energy p 0 > 0, as seen explicitly by writing out the matrix form
In the remainder of this paper we will show that the same twistor space Z A described by the action in Eq.(6) satisfies the analogous (twistor) ↔ (phase space) equivalence for all the cases on our list.
General twistor / phase space transform
In this section we discuss a unified formula that explicitly gives the substitutes for the Penrose relations of Eq.(4). The formula was derived in [11] [8] [12] through 2T-physics techniques. In this paper we simply use it, demonstrate that it works, and explain the underlying fundamental reasons for its structure. Thus, the general twistor / phase space transform for spinless particles at the classical level is given by Z A = µα λα , and
where
The X M , P M are the SO(4, 2) vectors of 2T-physics in Eq. (3), labelled by M = ± ′ , µ or M = 0 ′ , 1 ′ , µ, and µ = ±, 1, 2 or µ = 0, 1, 2, 3. They satisfy the fundamental 2T-physics Sp(2, R) constraints
These are the three generators of the gauge symmetry Sp(2, R) and their vanishing implies that the physical phase space is the subspace that is Sp(2, R) gauge invariant. The dot product is constructed with the SO(4, 2) metric
with the three Sp(2, R) generators X 2 , P 2 , X · P since the latter are constructed as dot products. The metric η M N is conveniently taken in a lightcone basis
and µ = ±, 1, 2 labels the Minkowski subspace also in a lightcone basis with
= −2dX
The three properties that Z A = µα λα must satisfy are:
1. First the helicity constraintZ A Z A = 0 for spinless particles is trivially guaranteed by the phase space / twistor transform in Eq.(12)
2. Second, the canonical structure of Eq.(9) takes the form
and we must show that this form reduces to the canonical structure S 0 = dτ (ẋ · p) for each of the cases in our list.
3. Third, the mass shell condition follows from the form λ αλβ = X + ′ P αβ −P + ′ X αβ . The left hand side is a rank one matrix with zero determinant and positive trace as seen from Eq.(10), and this requires that the right hand side must satisfy
We must show that these imply the mass shell conditions for all the cases in our list. These properties will be demonstrated in sections (4-8) below.
It is worth to point out that our twistor formula in Eq. (12) is related to a deeper structure. The expressions in Eq.(12) are equivalent to, and were derived from, the following more insightful Sp(2, R) gauge invariant expressions [12] 
Here the L M N are the generators of SO(4, 2)
We emphasize that L M N are Sp(2, R) gauge invariant. Inserting these L M N into Eq. (24), and using the Sp(2, R) gauge singlet constraints of Eq. (15), gives the general twistor formula in Eq. (12) . Furthermore, we note that, up to an overall factor, the twistor
in the form of Eq. (24) is just the first column of the 4×4 matrix
which appears in Eq. (1), and is written in an appropriate gamma matrix basis
The other three columns of this matrix give other equivalent forms of the twistor Z A up to different overall factors. Except for an undetermined phase, the different overall factors are fixed (as in 24) by requiring that Eq. (1) is satisfied. By inserting the explicit
From this form one can see that at the classical level Z satisfies the zero eigenvalue equations X ·Γ Z = P ·Γ Z = 0 since Z is proportional to any column of the matrix (27) and X M , P M are subject to the constraints in Eq. (15) . These zero eigenvalue conditions are equivalent to the generalized Penrose type transform in Eqs. (12, 24) , and can be further generalized to any dimension [12] directly in the form of Eq. (27, 28) .
Moreover, the structure of these formulas guarantee that the inverse relation between the L M N and Z A given in Eq.(1) also holds automatically. Hence the formulas in Eq. (12) or Eq. (24) give the general twistor transform for spinless particles. They 3 The SO(4, 2) =SU(2, 2) gamma matrices Γ M in the 4 × 4 basis, or theΓ M in the4 ×4 basis, are taken as follows Γ apply not only to massless particles but to all the other cases in our list. The generalization of these expressions to spinning particles will be discussed elsewhere. Now let us comment on some general properties of Sp(2, R) gauge fixing that will be applied to our formula in order to generate the twistors for the systems in our list. The X M , P M transform as a doublet under Sp(2, R) for every M , as can be seen by commuting the X M , P M with Sp(2, R) generators in Eq. (15) . The L M N are Sp(2, R) gauge invariant since they commute with those generators. Therefore the physical space consists of arbitrary functions f L M N [20] . Since these are all Sp(2, R) gauge invariant, their SO(4, 2) properties cannot change by making gauge choices under Sp(2, R) . Therefore every holographic picture of the (4 + 2) phase space that is obtained by making Sp(2, R) gauge choices must reproduce the same SO (4, 2) representation. Hence the physical states and operators can be classified as traceless tensors (4, 2) constructed from powers of the antisymmetric L M N . These correspond to the double-row Young tableaux ··· ··· n n times scalar functions of the Casimirs 4 of SO(4, 2) . These tensors can be used, in any Sp(2, R) gauge fixed form to classify the same set of physical states or operators 5 . There could also be physical states or operators f L M N that cannot be expanded in powers of L M N . In particular, as we see above, we can also construct the spinor representation of SO(4, 2) from the
. This implies that we may construct physical states from the twistors. Our generalized twistors Z A in Eq. (24) are functions of the L M N , up to the gauge dependent overall phase e iφ which could change under the Sp(2, R) gauge transformations. As already noted in the previous section, the overall phase of the twistor is indeed U(1) gauge dependent and unphysical. However the U(1) singlet condition applied on physical states as explained in footnote (1) requires only homogeneous functions of Z, so the physical space is equivalent whether written in terms of twistors or in terms of the L M N . This key observation is the underlying reason for the same twistor Z A to be equivalent to the various phase spaces that are derived by gauge fixing Sp(2, R) .
So, by taking previously obtained solutions of gauge fixing and solving the constraints of 2T-physics [20] [21] [24] , and plugging the resulting gauge fixed forms of X M , P M into the gauge invariant formula in Eq. (24), or its equivalent in Eq.(12), we will obtain explicit phase space expressions for our twistor formula. There remains to check that these expressions explicitly have the properties analogous to those given in Eqs. (7, 9, 11) as formulated in Eqs. (22, 23) . Of course, these properties are already guaranteed by the symmetries and structures we have outlined above, but it will be useful and revealing to demonstrate them explicitly for each case in our list.
Let us first test the general twistor formula for the massless particle gauge in 2T-physics. In this fixed gauge we have X + ′ = 1 and P + ′ = 0, and two of the three ] vanish in the physical sector at the classical level due to the constraints in Eq. (15) . However, they are non-zero, but fixed numbers, at the quantum level after taking into account quantum ordering. Thus C 2 (SO (d, 2)) = 1 − d 2 /2, which corresponds to the singleton representation, as first explained in [20] [25] . This is an Sp(2, R) gauge invariant result. Hence, the twistors for all the cases in our list provide another form of the singleton representation for SO(4, 2).
5 For a particular application in a 2T-physics gauge useful for classifying high spin fields, see [26] .
constraints X 2 = X · P = 0 are solved explicitly as follows
The third Sp(2, R) gauge choice has not been made in order keep Lorentz covariance, hence there remains the constraint P 2 = −2P + ′ P − ′ + P µ P µ = p 2 = 0 to be imposed, which is the third Sp(2, R) generator. Then the various cross products give the
which are recognized as the generators of SO(4, 2) conformal transformations of the 3 + 1 dimensional phase space at the classical level. Inserting these expressions into our general twistor equivalence formula in Eq. (24) or Eq. (12), we derive the Penrose relations of Eq. (4), which already satisfy the desired properties in Eqs. (22, 23) . Furthermore, we can easily check the inverse relation, that the gauge fixed form of µ, λ in Eq. (4) 
Here the L M N in the last matrix is computed in each block from the twistors as
with 1). This test case, combined with the reasoning provided above, imply that we will succeed just in the same way with the other 2T-physics gauge choices that correspond to the list in the introduction. So, each Sp(2, R) gauge choice in 2T-physics will automatically generate the corresponding twistors through our general formula in Eq.(12), or through the equivalent Sp(2, R) gauge invariant formula Eq.(24).
Twistors for massive relativistic particles
We will discuss the massive particle in two versions which correspond to different looking gauge fixed forms of the X M , P M . These are of course related to each other by Sp(2, R) gauge transformations, but nevertheless seem independently interesting from the point of view of 1T-physics. An Sp(2, R) gauge choice that describes the massive particle was given in the second paper in [21] , and is described in the Appendix. The zero mass limit of this gauge does not smoothly connect to the massless particle gauge in Eqs.(29,30) and seems to display singularities. This is not a problem since the connection should be only up to a Sp(2, R) gauge transformations. It is possible to perform Sp(2, R) gauge transformations to obtain a second form of the massive particle gauge which has a smooth zero mass limit. We discuss the smooth case in this section and the non-smooth case in the Appendix. The smooth massive particle gauge is given by the following gauge choice of the
Note that (x · p)a is nonsingular as x · p → 0. To arrive to the above form two gauge choices have been made and the two constraints X · X = X · P have been solved, thus eliminating 4 functions. This fixes completely the four components X ± ′ , P ± ′ in terms of the remaining independent phase space degrees of freedom x µ (τ ) , p µ (τ ) . Note that x µ (τ ) , p µ (τ ) are dynamical variables while the constant mass m emerges as a "modulus" from a gauge fixed version of the other phase space variables X ± ′ , P ± ′ . The third constraints P · P = 0 gives the mass shell condition for the massive particle 0 = P · P = −2P
With this parametrization, the 2T action in Eq.(3) reduces to the action of the relativistic massive particle
and this justifies the parametrization given in Eqs.(35,36). In the limit m → 0, as a → 1 this gauge smoothly reduces to the massless particle gauge discussed in the previous section. We should warn the reader that the phase space degrees of freedom (x µ , p µ ) of the massive particle are not the same as those of the massless particle. By applying an Sp(2, R) local transformation, the massive doublets in Eqs.(35,36) can be transformed to the massless doublets in Eqs.(29,30) . The Sp(2, R) gauge transformation may be regarded as a canonical transformation that includes the time components (and hence changes the Hamiltonian of the massive particle to the Hamiltonian of the massless particle).
The SO(4, 2) generators
take the following form in this gauge
For general m these L M N close under Poisson brackets to form the Lie algebra of SO(4, 2) at the classical level. In the massless limit, m → 0, a → 1, these L M N reduce to the familiar expressions for conformal transformations as given in Eq.(31).
With the appropriate quantum ordering the Lie algebra must close at the quantum level, and must have the quadratic Casimir eigenvalue for the singleton representation
, which is C 2 = −3 for d = 4, to be consistent with SO(4, 2) covariant quantization of the system given in [20] .
We study the twistor transform for the massive particle in this gauge by inserting
. This gives our new twistor transform for the massive particle
We know from Eq.(19) that this form satisfies automatically theZZ =λµ +μλ = 0 constraint. We now turn to the canonical structure induced from twistors as formulated in Eq. (22) and compute it in the present gauge
The total derivative can be dropped, so S 0 = dτ (ẋ · p) gives the correct canonical structure in phase space. Hence the canonical twistor space is equivalent to the canonical phase space. Finally we investigate the mass shell condition that is induced by the twistors as given in Eq. (23) . Inserting X + ′ = 1+a 2a
and
we compute Eq. (23) . In the present case this takes the form
This shows that the twistors in Eq.(43) induce the correct mass shell condition for a relativistic massive particle. Since a > 0 the positivity condition becomes
In this equation we write x·p = −x 0 p 0 +x · p and . Then x 0 drops out and the inequality becomes
. This is satisfied only for positive p 0 , hence the on-shell
Inserting this into the inequality we search for the allowed regions for x 0 , and find that all values of x 0 are permitted. Therefore, the twistor representation given in Eq.(43) describes correctly a massive particle of positive energy 6 . We can now check that the inverse relation also holds, namely that the L 
where the second line is obtained by manipulations such as
6 If a were taken as the negative square root in Eq.(37), then we would conclude that p 0 must also be the negative square root. Hence we have successfully constructed the twistor transform for the massive particle. We have shown that there is an SO(4, 2) =SU(2, 2) symmetry that is nonlinearly realized in phase space (x µ , p µ ) , but is linearly realized and is an explicit symmetry of the action in the twistor version Eq.(6) or 2T-physics version Eq.(3). The SU(2, 2) symmetry is identical for the massive or the massless particle, and in both cases corresponds to the unitary singleton representation of SO(4, 2) whose Casimir eigenvalues are independent of the mass parameter (e.g. C 2 = 0 at the classical level, but C 2 = −3 at the quantum level). However, the same SO(4, 2) is realized in rather different forms in the phase spaces of massive versus massless particles. This unfamiliar result, which was discovered in 2T-physics, has now taken a new facade through twistor space.
Twistors for nonrelativistic particle
The nonrelativistic particle is given by the following gauge choice of the X M , P M components in (4 + 2) dimensional phase space in 2T-physics (see second paper in [21] )
where u is fixed by
To arrive to the above form two gauge choices have been made: P 0 (τ ) = 0, and P + ′ (τ ) = m a constant, for all τ . Solving the two constraints X · X = X · P = 0 fixes completely X − ′ and X 0 in terms of the phase space variables (t (τ ) , r i (τ )) and (H (τ ) , p i (τ )) as given above. The third constraint becomes P · P = −2mH + p 2 = 0, which implies that H = p 2 /2m is the Hamiltonian for the non-relativistic particle. With this parametrization, the 2T action in Eq.(3) reduces to the action of the nonrelativistic massive particle
This justifies the parametrization given in Eq.(55,56). If the remaining gauge freedom is fixed as t (τ ) = τ , and the constraint 0 = P · P = −2mH + p 2 is imposed explicitly, this action becomes the standard action of the non-relativistic particle
In this case
Twistors may be discussed either in the fully gauge fixed form or in the partially gauge fixed form, but it is preferable not to choose the last gauge and treat (t, H) as canonical variables, while applying the constraint H −
One can check that by using the Poisson brackets {t, H} = −1, {r i , p j } = δ ij the Lie algebra of SO (4, 2) , we use only {r i , p j } = δ ij and treat τ as a parameter, to show that the Lie algebra of SO(4, 2) is satisfied at the classical level at any τ . It is harder to establish the Lie algebra at the quantum level due to the non-linear ordering problems presented by the square root in u = ± r 2 − 2t m r · p+
. We construct the new twistor transform for the nonrelativistic particle by inserting X + ′ , P + ′ , X µ , P µ in Eqs.(55,56) into Eq. (12) . This gives
We know from Eq.(19) that theZZ =λµ +μλ = 0 constraint for spinless particles is automatically satisfied. We now turn to the canonical structure induced from twistors as formulated in Eq. (22) and compute it in the present gauge
The total derivative can be dropped, so S 0 gives the correct canonical structure in phase space.
Next we investigate the mass shell condition that is induced by the twistors as given in Eq. (23) . In the present case this takes the form
From this we see that we must choose the negative square root for the u 2 given in Eq.(57)
Inserting this form we find
This shows that the correct mass shell condition is induced by the twistors in Eq.(63). After using H = p 2 /2m we find u = − r−t p m , which shows there is no condition on the range of t for the square root to be real. Therefore, the twistor representation given in Eq.(63) describes correctly a nonrelativistic particle.
Next we investigate the inverse relation analogous to Eq.(32). Using the twistor transform in Eq.(63) we have
The Hence we have successfully constructed the twistor transform for the massive particle. This shows that the SU(2, 2) symmetry, that is linearly realized on the twistors Z A or on the vectors X M , P M , is a non-linearly realized hidden symmetry
of the non-relativistic particle, which indeed is the case (see second paper in [21] ). Furthermore, there exists a duality among the nonrelativistic particle, the relativistic massive or massless particles as well as all the other particle systems discussed in this paper, since they are all constructed from the same twistor Z A , or the same 2T phase space X M , P M , and they all are realizations of the singleton representation of SO(4, 2) .
6 Twistors for particles in AdS 4−n ×S n We consider a particle moving in AdS d−n ×S n spaces for n = 0, 1, 2, · · · , (d − 2). In general, to describe these spaces we make the following Sp(2, R) gauge choice in (d + 2) dimensional phase space in 2T-physics (see second paper in [21] )
To arrive at this form two Sp(2, R) gauge choices have been made and two Sp(2, R) constraints X · X = X · P = 0 have been solved explicitly, and the solution is parameterized by x m , y I . One of the Sp(2, R) gauge choices is P + ′ (τ ) = 0 for all τ , and the second gauge choice is X I (τ ) X I (τ ) = R with a τ independent R. Note that R is a modulus that arises from the degrees of freedom in the larger phase space of 2T-physics. The n + 1 coordinates X I (τ ) = R y I |y| which consist of a unit vector times the constant radius R, represent motion on the sphere S n embedded in an n + 1 dimensional volume. The constraint 0 = X · X = X I 2 +X 2 implies that the
The solution of the constraintX ·X = −R 2 , which automatically represents motion on the space AdS d−n , is parameterized by the d − n coordinates (x m , |y|) as given above. For d = 4 we have a total of four dimensions x m (τ ) , y I (τ ) that remain after gauge fixing. In this gauge the flat (4, 2) metric generates the AdS 4−n ×S n metric,
where we have decomposed y I in spherical coordinates y I = yΩ I into its radial y = |y| and angular Ω I = y I |y| parts, and wrote (dy)
2 is the AdS 4−n metric and R 2 (dΩ) 2 is the S n metric. The same parametrization can be used in d + 2 phase space for any d to construct
In the case of AdS 4 we take n = 0 which corresponds to the following coordinates
where X 3 (τ ) = R, is the gauge choice and
, m = 0, 1, 2. The dot products with x m (τ ) , p m (τ ) involves the 3-dimensional Minkowski metric η mn . The structure of X M , P M is such that the 2T-physics action reduces to the action of a particle moving on AdS 4
This justifies the parametrization given in Eqs.(77,78). The last factor multiplying A 22 is the Laplacian of AdS d at the classical level, 
The quantum ordering introduces a quantized mass term m
2 which is required by the SO(d, 2) invariance of the AdS d particle at the quantum level, or by the corresponding field theory, as shown in ( [21] ). Note that the SO(d, 2) symmetry (SO(4, 2) in the case of AdS 4 ) is larger than the commonly mentioned SO(d − 1, 2) symmetry of AdS d space (SO(3, 2) in the case of AdS 4 ). The extra symmetry (which is noticeable from the left side of Eq. (80)) is hidden in the (x m , y) basis and its presence was first noticed through the 2T-physics formulation [21] . This symmetry becomes evident also in the twistor basis below.
Inserting the coordinates
, P + ′ = 0 in the twistor transform of Eq.(12) we obtain the twistors for the AdS 4 particle,
Thus, in this gauge the twistor structure is very similar to the massless particle in d = 4, with x µ = (x m , y) and p µ = (p m , k) , while the form of the twistor Z = µ λ displays the SU(2, 2) =SO(4, 2) symmetry in the fundamental representation. Let's examine the canonical structure of phase space induced by the canonical structure of the twistors, as described in Eq.(22)
So, the canonical structure is correct. Next we examine the on-shell condition
This gives the correct Laplacian for the massless conformal particle in the curved AdS 4 space as explained after Eq.(84). The positivity condition trivially gives p 0 > 0. Next we examine the inverse relation
It can be verified that the twistors correctly reproduce the L M N constructed from the vectors in Eq.(81,82), as shown in Eqs.(97-101) below, and that they correctly close into the SO(4, 2) Lie algebra at the classical level. Hence we have constructed the correct twistor description of the AdS 4 particle.
The twistor version explicitly shows that the AdS 4 particle has the SO(4, 2) symmetry which is larger than the commonly expected SO(3, 2) symmetry. The larger symmetry is also evident by writing the metric in the form of Eq.(80) and noting the symmetries of the left hand side ds
The reason for the extra symmetry is in the fact that R is a gauge fixed form of an extra coordinate as in Eq.(81), and this is not noticed in common approaches in discussing AdS symmetries. In any case our AdS 4 twistor transform makes it evident that the system has the SU(2, 2) symmetry linearly realized in the twistor version in Eq.(6) or in the 2T-physics version in Eq.(3).
We now turn to the cases of AdS 4−n ×S n for n = 1, 2 and compute the canonical structure induced by the twistors in Eq. (22),
We write
, and use the definitions
that follows from Eqs.(77,78). Then we obtain the correct canonical structure
Similarly, the mass-shell condition in Eq. (23) gives
where in the last line we rewrote the vector dot product k 2 in terms of the radial and angular momenta. The Casimir operator 
2 at the quantum level, as discussed in [21] . Note that the mass vanishes for the case of d = 2n, which applies to AdS 2 ×S 2 in the present case. The positivity condition X + ′ P 0 − P + ′ X 0 > 0 gives trivially p 0 > 0. Similarly to the AdS 4 case above the inverse relations give the SO(4, 2) generators consistently in terms of twistors or in terms of the gauge fixed vectors X M , P M . These are given by for every n = 0, 1, 2 as
Thus the spaces AdS 4−n ×S n have hidden symmetries SO(4, 2) which is larger than the commonly discussed SO(3 − n, 2) ×SO(n + 1) . Again the crucial observation in understanding what is missed in common discussions, is that R is a gauge fixed form of an additional coordinate that corresponds to the AdS×S radius X I (τ ) X I (τ ) = R. The full SO(4, 2) acts non-linearly on the remaining degrees of freedom after the gauge is fixed, but it acts linearly before the gauge fixing. The twistor transform makes the hidden symmetry evident in the twistor version of the system. The larger hidden symmetry in phase space version of AdS d−n ×S n is discussed in detail at the quantum level for any d in the second paper 7 in [21].
7 Twistors for particle on R×S
3
We make two Sp(2, R) gauge choices and solve two constraints to obtain the following gauge fixed form of the (4 + 2) dimensional phase space in 2T-physics
wherer is the unit vectorr (τ ) = r I (τ ) / |r| that defines the motion on the sphere S 3 embedded in four Euclidean dimensions, and X I X I 1/2 = |r (τ )| = R is the radial coordinate in spherical coordinates that has been gauge fixed to be a constant for all τ . Evidentlyr I can be parameterized in terms of three angles, but we will not need to give an explicit parametrization.
Defining the SO(4) rotation generators (4) angular momentum since the radial momentumr · p has been subtracted. In factr · p drops out everywhere, which is equivalent to choosing the second gauge asr · p =0 for all τ . Then the Sp(2, R) constraints X 2 = X · P = 0 are explicitly solved with the above form. In this gauge the 2T action in Eq.(3) reduces to
where we have used
The first two terms define the canonical structure that gives the quantum rules for the particle on
appears as the coefficient of the gauge field A 22 . We could fix the remaining gauge symmetry by fixing the gauge t (τ ) = τ , and solving the constraint explicitly
But we will work more generally without choosing this gauge and impose the constraint on physical states. Then the physical states are the symmetric traceless 7 To adapt the quantum results of [21] we must use a translation of notations. Instead of the canonical variables (y, k) that we used here, ref. [21] uses the canonical set (u,k) (butk is called k in [21] ). The relation between these parameterizations at the quantum level is given by y = u/u 2 and k =ku 2 − k · u + u ·k u as described in Eqs.(74-79) and footnote 4 in ref. [21] .
SO(4) tensors
, l = 0, 1, 2, · · · of the SO(4) rotations on S 3 . So, in this gauge the 2T-physics system is interpreted as a particle moving on R×S 3 . We now construct the twistors for this system by applying the general formulas in Eq.(12)
where as usual Xα 
We could parameterizer 4 = cos θ,r i = n i sin θ, where n i is a unit vector in 3 dimensions, but we will not need such an explicit parametrization. With the above definitions we find the twistor transform for the particle on S 3 as follows
Next we check the canonical structure
This is the correct canonical structure for R × S 3 , as described following Eq.(105). Turning to the on-shell condition we find det λλ = 0 implies
which imposes the correct constraint
Finally, the sign condition is
This is satisfied for all t. Therefore the twistors correctly describe the particle on R×S 3 .
Twistors for H-atom
For the H-atom gauge let us consider the following gauge choice [21] for the 4+2 dimensional phase space
where we have fixed the three gauge degrees of freedom and imposed all three constraints X 2 = P 2 = X · P = 0. Using these coordinates the 2T action in Eq.(3) reduces to
This is the non-relativistic H-atom action in three space dimensions. Now that we have introduced the 2T-physics gauge, we are going to consider the twistor version for this case. As in the previous cases, we construct the twistors for this system by applying the general formulas in Eq.(12)
where the coordinates X + ′ , P + ′ , X µ , P µ come from (118,119) as
So the twistor transform becomes
If we substitute the twistor in this case in Eq. (22), we can see that the canonical structure reduces to the Lagrangian for the Hydrogen atom, plus a total derivative, ∂ τ (3τ H − 2r · p), that is dropped in the last line below
Also, the mass shell condition P µ − X µ P + ′ /X + ′ 2 = 0 that is required by det λλ = 0 is fulfilled for the twistors above when H = 
This is satisfied for any u (τ ) , and therefore for any τ . Hence the twistors given above correctly describe the H-atom.
Conclusions and comments
We have constructed the twistors for an assortment of particle dynamical systems, including special examples of massless or massive particles, relativistic or non-relativistic, interacting or non-interacting, in flat space or curved spaces. More examples can be constructed in one to one correspondence with all other possible gauge choices that we can make in 2T-physics. Our unified construction involves always the same twistor 10 Appendix (second version of massive particle)
A massive particle gauge is obtained by setting P 0 ′ (τ ) = 0 and P 1 ′ (τ ) = m for all τ . Note that the mass m is identified as the component of momentum in a higher dimension. By solving explicitly the two constraints X · X = 0 and X · P = 0, the gauge fixed form of X M , P M become [21]
The third constraint reduces to the mass shell condition for the massive particle 0 = P · P = p 2 + m 2 . In this gauge the SO(4, 2) generators L M N = X [M P N ] take the form
Next we obtain the twistor relations for the massive particle by inserting X + ′ , P + ′ , X µ , P µ that follow from Eqs.(137,138)
into Eq. (12) . This gives
We note the parallels as well as the differences compared to the massless case in Eq.(4). The zero mass limit does not seem to be smooth for X M , P M , but this is not a problem since this is only up to a Sp(2, R) gauge transformations. In the second massive particle gauge discussed in section (4) the zero mass limit for X M , P M is smooth.
We know from Eq.(19) that theZZ = 0 constraint is already satisfied. We now turn to the canonical structure as formulated in Eq. (22) and compute it in the present gauge
A little algebra shows that the extra total derivative term emerges when X + ′ , P + ′ are inserted in the form
The total derivative can be dropped, so S 0 = dτ (ẋ · p) , indeed gives the correct canonical structure. Finally we check the mass shell condition as formulated in Eq. (23) . This requires
Inserting X + ′ , P + ′ we compute 0 = p µ − P
This is the massive particle mass shell condition. Examining the positivity condition in Eq.(23), it becomes
and using the mass shell condition that implies p 0 = E = ± p 2 + m 2 , we find
An analysis of this equation shows that the equality sign can be satisfied only for complex values of x 0 = E p 2
x · p±i x 2 p 2 − (x · p) 2 , while the inequality is satisfied for all values of x 0 , for either sign of E = ± p 2 + m 2 , as well as for either sign of a. Hence, the twistors defined above correctly describe the massive particle.
